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TOM TAT
Nghién cizu nay trinh bay phwong phdp vng dung phép tinh vi phan két hop véi
ngdn ngiz ldp trinh Python dé tao md phong vdt chuyén dong khéong déu. Sau dé tic
gid dd dp dung phwong phdp cho ba vi dy minh hoa, gom vdt roi tir do réi nay 1én tir
mdt dat; dao déng cua con ldc don; phép céng vdn téc thdng qua md phong bai toan
ché dudi thé. Két quda nghién cizu cho thdy viéc sir dung phirong phdp ndy c6 nhiéu
tién loi nhw ¢6 thé thuc hién trén ca may tinh va cac thiét bj di dong, cac thdng so cua
hinh dong c6 thé diéu chinh dwoc theo mong muén. Hon nita, phirong phdp di cho
thdy y nghia va g dung cia phép tinh vi phan trong mé phéng ciing nhu tich hop
mgt s6 mon hoc khac nhau, va cd thé 1a cong cu dé hé tro trong day hoc va nghién citu
linh vuc khoa hoc tir nhién va cdng nghé hién nay.
Tar khéa: Vi phén, md phong, Vpython

1. Mé dau

Vi phan la mot khai niém co ban
trong toan hoc giai tich. Vi phan c6 nhiéu
ung dung trong cac linh vuc khéac nhau.
N6 gitp tim hiéu va giai quyét cac bai
toan lién quan dén toc do thay doi, bai
toan cyc tri, ciing nhu duong tiép tuyén
ctia cac ham sé trong toan hoc. Vi phan
gilp mo ta cac hién twgng vat li nhu van
toc va gia toc cua cac vat chuyén dong,
dong chay va dong dién, tong quat hon
la khao sét sy thay doi cua cac dai lugng
vat i theo thai gian [1], [2]. Pac biét, vi
phan con c6 thé tng dung dé tinh toan
trong md phong cac ddi twong trong
nghién curu va ki thuat. Cac chuong trinh
maéy tinh phéat trién cao dang cho phép
nhitng nguoi lam mé phong st dung
phép tinh dé trong tac véi cac dbi tuong
va toc do khéc nhau.

Khai niém gia téc cling nhu cac
chuyén dong bién ddi néi chung la mot
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trong nhitng noi dung quan trong trong
Vit li nhung ciing la ndi dung gay kho
hiéu d6i voi hoc sinh, sinh vién. S&
khéng ngac nhién khi sinh vién cam thay
kho hiéu véi nguyén li co ban cua vi
phan: van tbc la gigi han cua ti s6 giira
quang duong di duoc va khoang thoi
gian ngin dung dé di hét quang duong d6
[3]. C6 mot sé nghién ctru da ang dung
vi phan va Mathemetica dé khao sat
chuyén dong bién doi cua vat roi ty do
va dao dong cua con lic don [2] ciing
nhu ding Excel d& md phong chuyén
dong cua con lic don [3].

Nghién ciu nay sé tiép can va trinh
bay cach tng dung vi phan va Vpython
dé tao mot sb chuyén dong bién doi, sau
d6 dua ra mdt vai vi du p dung nhu mo
phong vat roi ty do, md phong sy dao
dong cua mét con lic don va minh hoa
bai toan chd dudi thé. Uu diém cua
phuong phap nay la tao ra cac anh dong
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mot cach nhanh chéng, hoat dong gidng
nhu ban chét caa vat ciing nhu chu dong
diéu chinh dwoc cac thdng sb caa chuyén
dong. Hon nita, phwong phap con c6 thé
thuc hién truc tiép trén trinh duyét cua
may tinh hoic dién thoai ma khéng can
phai cai dit.

Véi xu thé day hoc tich hop va ting
cuong tng dung cong nghé nhu hién
nay, nghién cuu nay hi vong dong goép
phan nao d6 trong cong cude doi mai
phuong phép day hoc, phat trién ning
luc nguoi hoc cling nhu wng dung céng
nghé trong nghién curu va ki thuat.

2. Phwong phap
2.1. Phép ldy vi phan

Phép Iy vi phan cho ta biét cach mot
ham s6 thay do6i khi bién s6 cua nd thay
d6i. Nho phép lay vi phan ma ta c6 thé
xéac dinh duoc gia tri gan ding cia mot
ham sé hodc mot dai lwong can khao séat
theo sy thay doi cua bién sé [4]. Trong
truong hop ham mot bién y = f(x) thi khi
cho bién x thay d6i mot s gia Ax, bang
phép lay vi phan ta tim duoc do bién
thién cua y. TUy thudc vao yéu cau vé sai
s6 cho phép cua bai toan ma ta cé thé
diéu chinh gia tri cua s gia cho phu hop.
Khi xac dinh dugc do bién thién tac thoi
(46 déc) cua dai lugng can khao sét, ta
tiép tuc cho bién thay d6i mot s gia nixa
va lai xac dinh d¢ bién thién tai thoi diém
cach thoi diém ban dau 2 s6 gia. Cr nhu
vay ta c6 thé tao vong lap tinh toan va
xac dinh duoc tap xac dinh va tap gia tri
ctiia ham sé trong khoang can khao sat.
Tur hai tap s6 nay ta cd thé vé duoc do
thi, biét dugc qity dao chuyén dong, hoac
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tham chi mé phong duoc hoat dong cua
dbi tuong.
Theo dinh nghia dao ham, ta c6 [4]:

f'(x) = lim (1)

x—0 Ax
Néu Ax du nhé theo yéu cau cua bai
toan thi:

: Ay
£ ~ 5o

Ta thu duoc d6 bién thién cua y a:
Ay = f'(x,). Ax
Hay:
f(xo +4x) — f(x) = f'(x0).Ax
Viét lai:
fxo +Ax) = f(xo) + f'(x0).Ax (2)

Cong thac (2) cho phép ta xac dinh
chudi cac cap gia tri lién tiép nhau khi
thuc hién vong lap tinh toan tng véi s6
gia cho trugc. Bé minh hoa cho cong
thize (2), sau day ta ap dung cho mot s6
vi du cu thé.
2.2. Ap dung cho vt roi tw do

Vi tri cua vat roi tu do tir trang thai
dang yén duoc xac dinh theo:

=2 @3)
Ap dung cong thuc (2), ta co:
h(t + At) ~ h(t) +v.At  (4)

2.3. Ap dung cho con ldc don

Gia téc goc cua con lic don dugc
xac dinh theo cong thtrc (5), vai 0 1a goc
léch cua con lic:

Yy = %sin 0 (5)
Téc do goc:
w =yt (6)
Goc léch:
2
6 =" (7)

. 2
Ap dung cong thic (2) cho (6) va (7)
ta duoc:
(t+At) = w(t) +y.At

(t + At) =~ 0(t) + w,. At

(8)
(9)
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2.4. Ap dung cho bai todn ché dudi thé

Bai toan: Mot con tho (T) chay doc
theo truc x véi toc do khong doi v thi bi
mét con chd (C) xuit phat tr mot diém
trén truc y dudi theo véi toc d6 khong doi
V, biét rang ché chay nhanh hon tho va
luén huéng vé phia tho. Hay mé phong

hién tuong.
Giai bai toan ta thu duoc céc két qua
sau [5]:
Vi tri tho:
Xr = vt (10)
ta duoc:
xp(t +At) = xp(t) +v. At (11)

Van téc cua ch tai thoi diém bat ki
dugc xac dinh theo (12), trong d6 R la
ban kinh vector, 7 1a vector don vi:

Befe _ v
AR

—

V=v (12)

Ap dung cbng thic (2) cho quéng
duong cua cho di dugc:
Sc(t+Ab) = 3:(t) + V. At (13)

2.5. Tao mo phéng cho chuyén dgng

Theo nguyén tic tao hoat hinh, mot
doan hoat hinh gém nhiéu anh tinh, mdi
anh c6 nhiing thay di nho vé hinh dang
hoac vi trf, chiing xuat hién va bién mat
mét cach lién tiép trong mot khoang thoi
gian ngin tao ra cam giac cir dong hoac
chuyén dong khi ta quan sat. i vai cac
dai luong bién ddi khong déu, ching
hang nhu cac dao dong diéu hoa, vat roi
ty do hodc chuyén dong co6 gia téc noi
chung thi viéc tao hoat hinh giéng nhu
that s& phuc tap hon so vai cac chuyén
dong déu bai quy luat xuat hién cua cac
anh tinh 1a khong déu. CAc vi tri hoic
hinh dang cua vat bién ddi theo mét quy
luat hodc ham sb nao do.
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C6 nhiéu cach dé v& c4c anh tinh nhu
vé& thu cong, v& bang cac phan mém do6
hoa trén may tinh rdi “ghép” chung lai
thanh hinh dong. D4i V6i cac hinh dong
don gian va mang tinh hoc thuat thi Web
Vpython & mét cong cu dang xem xét.
Web Vpython 1a mét phan caa thu vién
Python, két hop giita ngbn ngir lap trinh
Python véi cac module dd hoa 3D duoc
dinh nghia sin bang cac ham [6]. Ung
dung thu vién nay cho phép ngudi dung
tao cac d6i tuong 3D, va diéu khién céc
dbi twong nay chuyén dong theo mot quy
luat hoac mot ham nao do6. Do vay, Web
Vpython 1a mét cong cu thuan tién dé
minh hoa va md phong toan hoc, cling
nhu cac hién tugng tu nhién. Dac biét
Web VPython la mét trong nhirng céng
cu tét dé hd tro trong day hoc do tinh don
gian va cap phép ngudn mo cta né. Hon
nita, n6 cho phép nguoi ding viét va
chay cac chuong trinh truc tiép trén trinh
duyét web may tinh hoic cac thét bi di
dong nhu may tinh bang va dién thoai di
dong tai trang https://glowScript.org.

Trong nghién ctru nay, cac cong thuc
vi phéan (4), (8), (9), (11) va (13) duoc viét
theo ngbn ngt Python va chay trén trang
Web Vpython va duoc thé hién trén phuy
luc 1, phu luc 2 va phu luc 3. Céc khai bao
vé diéu kién ban dau cua hé ciing nhu d6
hoa cuia cac ddi twong tat nhién duoc thuc
hién trudc khi ding cac ham dé diéu
khién dbi tuong chuyén dong.

3. Két qua nghién ciru va thao luan
3.1. Két qud nghién ciru

Céc phuong trinh vi phan (4), (9),
(11) va (13) duoc thé hién trén Vpython
lan luot 1 phuong trinh (4°), (9°), (117)
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va (13°), trong d6 cac dai luong tuong
tmg duoc liét ké & bang 1. O day, vi bai
béo tap trung khai thac (tng dung cua vi

phan nén viéc tap trung vao ban luan vé
cac doan ma Python lién quan s€ trinh
bay & mot nghién ciru khac.

Bang 1: Cac bién va phirong trinh thé hién trong Vpython

Dai lugng trong Dai lwgng tuwong @ng trong Ghi
phwong trinh vi phin Vpython cha
h ball.pos.y
v ball.velocity.y
At dt

bob.angle
® bob.omega
XT rabbit.pos
v rabbit_velocity
Sc distance_travelled_by dog
\ mag(dog_velocity)
Phuong trinh (4) ball.pos.y += ball.velocity.y * dt (4%
Phuong trinh (9) bob.angle += bob.omega * dt CH)
Phuong trinh (11) rabbit.pos += rabbit_velocity * dt (11%)
Phurong trinh (13) distance_travelled_by dog += (13"

mag(dog_velocity) * dt

Phu luc 1 1a doan m& Vpython mé
phong hoat hinh cua vat roi tu do phu luc
2 1 cua dao dong con lac don, va phu luc
3 12 md phong bai toan cho dudi tho.
Trong cac doan ma bao gébm cac thanh
phan nhu khai bao thong sb vé diéu kién
ban dau caa hé, dung cac khéi hinh hoc,
dinh nghia cac dai luwong cO sir dung
trong cac phuong trinh vi phan va cac
thanh phan diéu khién.

Cac doan hoat hinh s& duoc phat ra
ngay khi chay truc tiép chuong trinh
trén trinh duyét web. Trén hinh 1 1a anh
chup man hinh cua cac doan hoat hinh
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vat roi tu do (hinh 1a), anh chup dao
dong cua con lic don (hinh 1b) va bai
toan cho dudi tho (hinh 1c). Cac db thi
biéu dién vi tri cling dugc hién thi twong
{ing véi trang cua vat. i véi vt roi tu
do, dé mo ta ca qua trinh vat di xudng
va di 1én, trong vi du nay vat duoc tha
khong van téc dau va nay lén khoi mat
d4t. Hé s6 va cham — la ti 18 giira tbc do
Iic sau va tée d6 luc trude khi va cham
véi mat dat — duoc ldy 1a 0,9, tac va
cham nay 1a khong dan hdi. Bi véi con
lic don, bién do dao dong duoc lay 1a
/16 (khoang 119).
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Thdi gian: 12.97 5

Quang duéng cla ché: 15.56 m
Quéng dudng cla thé: 6.48 m

c)

Hinh 1: Anh chup tir hinh déng (a) 1a vdt roi te do, (b) 1 con ldc don va (c) la bai
todn ché dudi thé cing Véi cdce do thi hogc quy dao Vi tri chay firong iing Véi trang
thai cua vdt trén hinh dong*

*Hinh a), vdt roi tue do cao 10m voi gia téc roi tw do g=92381 m/s% va hé s6 va cham e
=0,9. Hinh b), con ldc don c6 chiéu dai 10m, dao dong voi bién do goc m/16.

3.2. Thdo lugn

Két qua cua hai doan hoat hinh vé
vt roi tu do va dao dong caa con lic don
duoc thé hién khi chay chuong trinh. Vat
roi tw do véi van toc nhanh dan déu khi
di xudng va cham dan déu khi di lén.
Quang duong vat roi dugc qua thoi gian
trén hinh dong ciing duogc vé do thi tuong
g Vi trang thai chuyén dong cua vat.
D thi nay cd dang la cac duong parabol
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nhu thé hién trén hinh 1a. Céc sé liéu toa
do6 trén do thi nay dugc Iy tir phép tinh
vi phan dé V& ra, thé hién trén dong lénh
26 cuia phu luc 1. Biéu nay chiing to hinh
dang cua d6 thi nay phd hop véi cong
thirc If thuyét cua quang dudng vat roi ti
do, c6 dang h = gt¥2. Vi duy, theo Ii
thuyét thi thoi gian roi tu do tir d6 cao
10m xudng dit tai noi ¢ gia tdc trong
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truong g = 9,81 m/s? 1a t =~ 1,43s, dbi
chiéu trén do thi hinh 1a ta thiy phu hop.

Déi véi dao dong caa con lic don, vat
ning ciing dao dong nhanh dan khi vé vi
tri van bang, cham dan khi vé bién. Trén
d6 thi ciing chi ra trong tng li d6 cia vat
nang bién thién theo quy luat duong sin.
Trong vi du nay, con lic c6 do dai 10m,
lay g = 9,81m/s? thi chu ki con lic theo li
thuyét 1a T ~ 6,34s. D4i vai hién tuong
cho dudi tho thi doan hoat hinh ciing cho
thdy hudng chay cia ché ludn hudng veé
vi tri caa tho, gilp hoc sinh hiéu duoc
cong thirc cong van tdc trong dong hoc.
Két qua cia phuong phap nay cho thay
ban chat caa hién twong vat li duoc dién
ta mot cach truc quan, hd trg va xoay
duoc & goc nhin 3D, do d6 ¢6 thé dung dé
hd tro tu liéu day hoc ciing nhu trong cac
ung dung co lién quan.

V& danh gia sai s6, nhu da dé cap ¢
muc “Phuong phéap”, phép liy vi phan
(khdng sir dung tich phan) sé& cho ra két
qua khdng chinh xac tuyét dbi. Phuong
phap nay chi thuan tién dé tinh gan dtng.
Sai s cua phép tinh phu thudc vao do
I6n cua sb gia. SO gia cang nho thi két
qua cang chinh xac nhung phép tinh sé&
dai hon. That vay, ddi véi truong hop vat
roi tu do tur trang thai dirng yén theo cong
thirc Ii thuyét thi trong 1 gidy dau vat roi
duoc 4,905m (lay g = 9,81m/s?). Néu
tinh bang phwong phap vi phan theo
cong thirc (4), néu ta lay s gia dt = 0,1s
thi quang duong vat roi dugc sau 1s la
5,396m, khi d6 sai s6 12 10% (xem bang
2); néu lay dt = 0,05s thi quang duong la
5,15m, sai s6 giam con 5%; dt = 0,01s thi
sai sO xap xi 1%. Nhu vy, tly vao yéu
cau cua bai todn ma ta c6 thé chon sé gia
phu hgp khi dung phuong phap vi phéan.

Bang 2: Quéng diwong Vdt roi dwoc twong ting 6 gia thoi gian

dt=0,1 dt = 0,05 dt=0,01

t h t h t h
0,1 0,098 0,05 0,025 0,01 0,001
0,2 0,294 0,10 0,074 0,02 0,003
0,3 0,589 0,15 0,147 0,03 0,006
0,4 0,981 0,20 0,245 0,04 0,010
0,5 1,472 0,25 0,368 0,05 0,015
0,6 2,060
0,7 2,747 0,85 3,752 0,97 4,663
0,8 3,532 0,90 4,194 0,98 4,759
0,9 4,415 0,95 4,660 0,99 4,856
1,0 5,396 1,00 5,150 1,00 4,954

Phuong phap ung dung vi phan dé
dung hoat hinh ¢6 nhiéu vu diém. Nguoi
dung d& dang diéu chinh cac tuy chon
nhu thay déi kich thudc, hinh dang cua
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cac thanh phan hinh hoc; diéu chinh cac
thong sb vat Ii cua hé dé diéu khién hoat
hinh mét cach cha dong theo nhu y
mudn. C6 thé ap dung phuong phap nay
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dé minh hoa nhiéu hién tugng khac nhu
cac bai toan va cham; minh hoa dinh luat
bao toan dong luong, dac biét 1a truong
hop vat ¢6 khéi lugng thay déi lién tuc
theo thoi gian nhu chuyén dong caa hoa
tién; md phong hoat hinh cho céc bai
toan cong van tdc co huéng ludn thay
d6i; chuyén dong cua piston va truc
khuyu trong dong co.
4. Két luan

Bai bao da khai thac dugc (rng dung
ctia vi phan va VPython dé tao hoat hinh,
sau d6 ap dung cho ba vi du minh hoa.
Phuong phép nay c6 uu diém 1a nguoi
dung cha dong diéu chinh duoc céc
thong s6 cua hinh dong dé phi hop voi
ban chat cua hién tuong. Céc thdng sb
chuyén dong ciing c6 thé dugc truy suat
va hién thi trén d6 thi mot cach déng bod
Vv6i hinh dong va dugc chay tryuc tiép trén

trinh duyét web may tinh hozc thiét bi di
dong ma khong can phai cai dit phan
mém. Hon nita, phuong phap ciing cho
két qua hoat hinh 3D c6 thé xoay duoc,
va ciing tich hop mot sé mén hoc khéc
nhau nhu dé phuc vu cho day hoc, phu
hop vai xu thé hién nay. Tuy nhién, khi
str dung phuong phép ta nén chi y vé sai
sb gay ra boi ban chat caa phép Iy vi
phan. Cac dai luong can khao sat hoic
dbi twong can md phong chuyén dong
phai dinh luong duoc hoic biéu dién
duogc bang ham sé. Phuong phap nay pha
hop dé mé phong cac chuyén dong hoic
khao sat cac dai luong bién ddi lién tuc
phtc tap hon. Bai bao hy vong dong gop
phan nao trong cdng cudc ddi méi
phuong phap va tng dung cdng nghé
trong day hoc cling nhu ng dung cho
cac linh vuc khéc.
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Phu luc

Web wPython 3.2
#VAT ROT TU DO VA VA CHAM WGI MAT DAT
ball radius = @.5
initial heipght = 18
g = 9.81
e 8.9
t ]
scene = canvas(title="ROI TU DO VA WA CHAM WOT MAT BAT",
width=66@, height=48@, center=vector(@, initial height / 2, @),
1@ background=color.white)
11 floor = box(pos=vector(8, @, ©), size=vector(4, 8.5, 4),
12 color=color.white)
13 ball = sphere(pos=vector{8, initial height, @), radius=ball_radius,
14 color=cclor.red, make_trail=True)

W=

16 ball.velocity = vector(8, @, @)
17 dt = e.e1

19 éraphi = graph(title="ROTI TU DO", xtitle="t(s)', ytitle="h{m)")
2@ curve = gcurve(graph=graphl, color=color.blue)

22 Position_m = gcurve(color=color.red, label="bd cao")

24 while True:

25 rate(5@)

26 ball.pos.y += ball.velocity.y * dt

27 ball.velocity.y -= g * dt

28 Position m.plot(t,ball.pos.y)

29

3@ if ball.pos.y < ball radius and ball.velocity.y < @:

31 ball.velocity.y = -ball.velocity.y * e

32 if ball.velocity.y < 1le-2 and ball.pos.y < ball_radius:
33 ball.pos.y = initial height

34 t += dt

Phu lucl: Poan ma md phong hoat hinh cua vdt roi tir do

Web VPython 3.2

#sU' DUNG VI PHAN BE DUNG DAO BONG cUa CON LAC BON

length = 18

g = 9.81

theta® = pi/ie

#e = 8.3

t=8

scene = canvas(title="CON LAC BON', width=688, height=4@e@,
background=color.white}

18 pivot = vector(8, 8, 8)

11 bob = sphere(pos=vector{length * sin(thetad},

12 -length * cos{thetaB), 8), radius=8.5,

13 color=color.red, make trail=True}

14 rod = cylinder(pos=pivot, axis=bcb.pos - pivot, radius=8.85)

=0 - R R Uy B R TR ]

16 bob.wvelocity = vector(®, 8, @)
17 bob.angle = thetad

18 bob.omega = @

19 dt = @8.85

21 graphl = graph(title="CON LAC BON', xtitle="t(s)',ytitle="S(m)"}
22 displace m= gcurve{color=color.red, label="Li d&")

23

24 while t<58:

25 rate(5a)

26 alpha = -g / length * sin(bob.angle)
27 bob.omega += alpha * dt

28 bob.angle += bob.omega * dt

29 displace _m.plot(t,sin{bob.angle))
3e

31 bob.pos = vector(length*sin(bob.angle), -length*cos(bob.angle), @)
32 rod.axis = bob.pos - pivot

33 t +=dt

Phu luc 2: Pogn ma mé phong hoat hinh dao déng cua con ldc don
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Web VPython 3.2
from wvpython import *

background=color.white)

dog = sphere(pos=vector(-5, -5, @), radius=6.4,
color=color.red, make_trail=True}

rabbit = sphere{pos=vector(-5, 8, B), radius=8.2,

1@ color=color.green, make trail=True)

11 dog_wvelocity = vector(®, 1.2, 8)

12 rabbit_welocity = vector{6.5, @, @)

LT - L = TV T SR VR N ]

31 # Print the results
32 print(f"Thoi gian: {round(t,2)} s")

scene = canvas{width=688, height=488, center=vector{e, 8, 8},

13

14 dt = 8.81

15 t =@

16 distance travelled by dog = @

17

18 while mag(rabbit.pos - dog.pos) > 8.1:

19 rate(168)

28

21 distance = mag(rabbit.pos - dog.pos)

22 direction = norm{rabbit.pos - dog.pos)

23

24 dog_velocity = direction * mag(dog_wvelocity)
25 dog.pos += dog_velocity * dt

26 rabbit.pos += rabbit_velocity * dt

27

28 t += dt

29 distance_travelled by dog += mag(dog velocity) * dt
El]

33 print{f"Quing dudng clha chd: {round(distance_travelled_by dog,2)} m")
34 print(f"Quing dudng cla thd: {round(rabbit.pos.x+5,2)} m")

Phu luc 3: Pogn ma md phong hoat hinh bai todn ché dudi tho
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ABSTRACT

This study presents a method of applying differential calculus in mathematics
combined with the Python programming language to create animations of non-
uniform motion. The author then applied the method to three illustrative examples,
including a free-falling object bouncing off the ground, the oscillation of a simple
pendulum, and Velocity addition simulating dog chasing rabbit problem. The results
show that using this method has many advantages, such as being able to perform on
both computers, and mobile devices, and the parameters of the animation can be
adjusted as desired. Furthermore, the method demonstrates an application of
differential calculus in animation construction, as well as integrating a number of
different subjects This method can also serve as a useful tool for teaching and research

in the fields of natural sciences and technology today.
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